Abstract: After a brief review of topological gravity, we present a superspace approach to this theory. This formulation allows us to recover in a natural manner various known results and to gain some insight into the precise relationship between different approaches to topological gravity. Though the main focus of our work is on the vielbein formalism, we also discuss the metric approach and its relationship with the former formalism.
Introduction
Topological field theories of Witten-type have been introduced some fifteen years ago [1] and have been widely studied ever since. In recent years, they have gained particular attention in relation with non-topological field theories, most notably with non-perturbative quantum gravity, e.g. see ref. [2] . While topological Yang-Mills theories are pretty well understood by now [3] , this is not true to the same extend for topological gravities due to the presence of diffeomorphisms. The complexity of symmetry algebras and Lagrangians, as well as the variety of possible approaches for topological gravity also makes it difficult to compare the results obtained using different approaches or formalisms. Let us shortly expand on these points.
A topological gravity theory can be constructed by gauge fixing an action that is a topological invariant. Alternatively, it can be introduced by twisting an extended supergravity theory 1 . The latter theories involve diffeomorphisms and local supersymmetry transformations and thereby have a sensibly more complex structure than super Yang-Mills theories.
We now review briefly the different formulations of topological gravity which have been considered in the past so as to situate the present work. The first papers on topological gravity were devoted to the construction of the model [4, 5] , while many of the subsequent and recent papers [6] - [18] were rather concerned with the determination of non-trivial observables. Some of the early papers view topological gravity as a topological version of Weyl (conformal) gravity [4, 19] , but these theories do not allow for non-trivial observables. The remaining work is related to ordinary Einstein gravity. The construction of topological gravity by a twist of extended supergravity [20, 21, 22] has led to the study of topological Einstein-Maxwell theory since extended supergravity theories involve a Maxwell field (the so-called graviphoton) in addition to the vielbein fields. Topological gravity can also be viewed as a BF-type model and has been studied from this point of view in a series of papers [23] .
Though most works on topological gravity concern space-time manifolds of dimension two or four, generalizations to higher dimensions have recently been introduced [24] .
Just as for ordinary gravity, different geometric formulations can be -and indeed have been -developed for topological gravity. The most common one is the metric approach: it relies only on the metric tensor field and general coordinate transformations as symmetries. If the metric is decomposed with respect to vielbein fields, local Lorentz transformations also appear as symmetries (second order formalism). In addition to the vielbein fields, one can consider an independent Lorentz connection as basic variable (first order formalism) [8] . For ordinary gravity, the latter formalism is equivalent to the standard metric approach once the connection has been eliminated in terms of the vielbein by requiring the torsion to vanish. The equivalence also holds for topological gravity, but the comparison is more subtle due to the presence of extra symmetries 2 .
Topological field theories of Witten-type involve one or several shift symmetries. This kind of invariance can be viewed as a relic of supersymmetry transformations characterizing the extended supersymmetric theories from which topological models may be constructed by performing a twist. Thus, the shift invariance is also referred to as supersymmetry transformation and it can be described conveniently in a superspace with an odd coordinate [25, 26] (or several odd coordinates for more complex models [27] ). This formulation, which has been explored previously for topological Yang-Mills theories, allows to obtain the symmetries, Lagrangian, etc., in a compact form and to apply the standard methods of supersymmetry to topological models. In particular, standard results on the ordinary BRST cohomology can be used [28] to determine the equivariant cohomology describing the observables of topological field theories [26, 29] . For the case of topological gravity, some partial results exist concerning the symmetries and the Lagrangian in two dimensions [30] .
The present paper has two parts. The first part (and the appendix) deals with previous work on the symmetries and observables of topological Einstein-Maxwell theory. In our presentation, we have tried to be geometric and concise, and to clarify the relationship between different formulations considered in the literature. Apart from the known observables related to the topological invariants involving curvature, we construct new observables related to a topological invariant which involves torsion and which is not widely known. In the sequel, we develop a superspace approach which leads to a complete off-shell formulation for the symmetries. Simple field redefinitions allow us to recover the results discussed in the first part. Since our superspace approach explicitly involves local supersymmetry transformations (parametrized by a single odd variable), it also allows us to compare directly with the on-shell results which have previously been obtained by twisting extended supergravity transformations [20, 22] . In an appendix, we discuss the metric approach and compare with the results obtained for the symmetries and observables within the vielbein formalism. Though the metric approach has the advantage of introducing a minimal number of fields, it is harder to tackle due to the shift transformations which act on the metric tensor field and thereby on covariant indices. We hope that our study will contribute to a better understanding of the general structure of a certain number of results and of the precise relationship between different approaches to topological gravity.
Topological gravity
After specifying the geometric framework, we will discuss the symmetries and observables for topological gravity within the first order formalism. The reinterpretations to be made in the second order formalism will be commented upon thereafter.
Geometric setting
The geometric set-up and the symmetry algebras presented in the sequel are well defined in any space-time dimension d. We will only specify the dimension for the discussion of observables where we focus on the dimensions two and four (subsection 2.2.2). Thus, the geometric arena is a real d-dimensional pseudo-Riemannian manifold M d , the local coordinates being denoted by x = (x µ ) µ=0,...,d−1 . Let us briefly recall some geometric notions and results that we will use in the sequel [31, 32, 33] .
BRST formalism Within the BRST formalism, the parameters of infinitesimal symmetry transformations are turned into ghost fields. The latter have ghostnumber g = 1 while the basic fields appearing in the invariant action have a vanishing ghost-number. The Grassmann parity of an object is given by the parity of its total degree defined as the sum p + g of its form degree p and ghost-number g. All commutators and brackets are assumed to be graded according to this grading.
The BRST operator, which is denoted by S, acts on the algebra of fields as an antiderivation which increases the ghost-number (and thus the total degree) by one unit. It is assumed to anticommute with the exterior derivative d.
Vector fields, inner product and Lie derivative For a vector field w = w µ ∂ µ on M d , the total degree is given by its ghost-number which we denote by [w] . It is said to be even (odd) if [w] is even (odd).
The Lie bracket [u, v] of two vector fields u and v is again a vector field: this bracket is assumed to be graded so that its components are given by
The interior product i w with respect to the vector field w = w µ ∂ µ is defined in local coordinates by i w ϕ = 0 for 0-forms and i w (dx µ ) = w µ . If w is even, the operator i w acts as an antiderivation (odd operator), otherwise it acts as a derivation (even operator).
The Lie derivative L w with respect to w acts on differential forms according to
and we have the graded commutation relations
In the following, the quantity ξ = ξ µ ∂ µ always denotes a vector field of ghostnumber 1 (representing the ghost for diffeomorphisms). We then have the following identities involving the vector fields ξ and ξ 2 ≡ 1 2
[ξ, ξ] as well as the previously introduced operators (in particular the exponential e i ξ of the linear operator i ξ ):
First order formalism
In the first order formalism of the theory, the basic variables are the vielbein 1-forms e = (e a ) a=0,...,d−1 and the Lorentz connection 1-form ω = (ω a b ). The tangent space indices a, b, ... are raised or lowered using the constant tangent space metric (η ab ) which can be of Minkowskian or of Euclidean signature. In the following, we will use the matrix notation e, ω, . . . so as to avoid spelling out the tangent space indices a, b, . . .
Since topological gravity is expected to originate from a twisted extended supergravity theory, we also introduce an Abelian (Maxwell or U(1)) gauge connection 1-form a, the so-called graviphoton field that generally appears in extended supergravity theories.
The respective field strengths of e, ω and a are the torsion 2-form T = De ≡ de + ωe, the curvature 2-form R = dω + 1 2
[ω, ω] and the Abelian curvature 2-form F a = da. They satisfy the Bianchi identities
where
where DT ≡ dT + ωT dF a = 0 .
The basic symmetries are diffeomorphisms and local Lorentz transformations parametrized in a BRST setting by ghosts ξ = ξ µ ∂ µ and c = (c a b ), as well as local U(1) transformations parametrized by a ghost u. Note that both ω and c take their values in the Lie algebra of the Lorentz group, i.e. ω ab = −ω ba and c ab = −c ba .
Horizontality conditions
We introduce the generalized differentiald = d + S and the generalized fields [34, 32] ω ≡ e i ξ (ω + c) = ω + c + i ξ ω ,ê ≡ e i ξ e = e + i ξ ê a ≡ e i ξ (a + u) = a + u + i ξ a ,
which imply Bianchi identities for the generalized curvature and torsion forms:
By expanding the generalized 2-formsR,T andF a with respect to the ghost-number we find
as well as similar expressions forT andF a .
The BRST transformations of all space-time fields then follow from relations (2.6) by imposing a horizontality condition, i.e. by specifying R being necessarily equal to the curvature 2-form R) and by specifying the corresponding components ofT andF a . For topological gravity, one imposes the following horizontality conditions [21] which generalize those of topological Yang-Mills theories 3 :
Here,ψ By substituting the expansion (2.7) and the analogous expansions forT and F a into (2.8), we see that the ghost-number 2 fieldsφ a b , φ a and t appear in the S-variations of the ghost fields so that they represent ghosts for ghosts. Their appearance expresses the reducibility of the resulting symmetry algebra, see remark (i) below.
The action of the operator e i ξ can be factorized in all terms of equations (2.6) and (2.8) by virtue of the following operatorial relation [31, 33] which results from equations (2.4):
Let ϕ ≡ ϕ µ ∂ µ denote the vector field Sξ − ξ 2 which appears on the right-hand-side and which is of ghost-number 2. The requirement of nilpotency for the variation Sξ then implies that the S-variation of the vector field ϕ is given by its Lie derivative:
Since ϕ describes a local shift of the diffeomorphism ghost, it parametrizes vector supersymmetry transformations [36] . By expanding equations (2.8) and (2.6) with respect to the ghost-number, we get the S-variations of all fields as well as the relation φ = i ϕ e. The latter is equivalent to the relation ϕ µ = φ a e µ a if we assume the vielbein to be invertible. Thus, it expresses the variable ϕ in terms of φ and the inverse vielbein e µ a . Since it is the field ϕ, rather than φ, that appears explicitly in the BRST transformation of the diffeomorphism ghost ξ, it is actually necessary to assume the vielbein to be invertible at this stage.
After the change of variablesφ
the S-variations of the basic fields take the simple form
and those of the field strengths read as
(2.13)
By construction, the so-defined S-operator is nilpotent and the results coincide with those given in references [21, 18] , except for some terms in the S-variations ofφ and T which are missing in [21] and [18] , respectively, and which ensure the nilpotency of S.
Remarks: (i) It is easy to understand the origin of all terms appearing in the transformation laws (2.12). We only consider the gravitational sector since the argumentation for the Maxwell sector proceeds along the same lines. The S-variations of the basic fields e and ω describe diffeomorphisms (parametrized by ξ), local Lorentz transformations (parametrized by c) and the topological (or shift) symmetry (parametrized by ψ andψ), which is characteristic for topological field theories of Witten-type. Obviously, the S-variation of e is reducible: Se is invariant under a shift δξ = ϕ which comes together with the transformation δψ = −L ϕ e. Furthermore, it is invariant under the shift δc =φ that goes together with δψ =φe. Similarly, the S-variation of ω is invariant under the shifts δξ = ϕ and δc =φ accompanied by the transformations δψ = −L ϕ ω and δψ = Dφ, respectively. The BRST algebra can then be completed by assuming all fields to change linearly under Lorentz transformations and to transform with the Lie derivative under diffeomorphisms: this leads to the reducibility of Sc under the shift δξ = ϕ accompanied by the transformation δφ = −L ϕ c. Thus, all terms have a natural interpretation and the signs are simply a matter of nilpotency.
(ii) The supersymmetry or shift operator is given bỹ
denote, respectively, infinitesimal Lorentz and Maxwell transformations. When applied to the basic fields and ghosts, it satisfies
i.e.Q is nilpotent up to infinitesimal diffeomorphism, Lorentz and Maxwell transformations with parameters ϕ,φ and τ , respectively.
(iii) An arbitrary shift ψ a µ of the vielbein e a µ does not preserve the positivity of the determinant of the metric [6] . This "problem" can be solved [6] by assuming that the shift of the vielbein is described by a local infinitesimal gauge transformation associated to the general linear group GL(n, R), i.e. by assuming ψ However, topological invariants are inert under arbitrary shifts of the metric (or vielbein) and therefore the positivity of the determinant of the metric does not necessarily have to be imposed at this point.
(iv) By changing generators according to reparametrizations of the form c
. ., the BRST algebra (2.12) can be cast into equivalent forms. One such reformulation can be obtained from a different reading of the generalized fields and horizontality conditions. This parametrization naturally appears in the group manifold approach and the associated rheonomic parametrization of curvatures [20] . In fact, let us read the generalized fields (2.5) aŝ 14) and the horizontality conditions (2.8) aŝ
Expansion of relations (2.15) with respect to the ghost-number immediately yields the S-variations in their "Lorentzand Maxwell-covariantized form":
These expressions coincide with those of reference [20] . An advantage of this parametrization consists of the fact that the fieldφ ξ simply transforms like a commutator, exactly as the ghost for ghost in topological Yang-Mills theories. Henceforth, BRST invariant polynomials in this variable are generated by Tr (φ ξ ) n with n = 1, 2, . . . We will come back to this point in the next subsection.
In conclusion, we mention one more change of generators which allows to cast the BRST algebra into another equivalent form which appears more or less explicitly in the early works on the subject, e.g. see references [13, 14, 8] . In fact, by virtue of the reparametrization c → c ξ = c + i ξ ω andφ →φ =φ + i ϕ ω, the S-variations of the gravitational sector, as given by equations (2.12), take the following form involving the Lorentz-covariant Lie derivative
Observables
The construction of observables for topological gravity is based on gauge invariant polynomials of the curvature form (e.g. Tr {R k } with k = 1, 2, . . .) and of the torsion form. A topological invariant involving torsion has first been introduced in four dimensions by Nieh and Yan [37] and has been further discussed by the authors of reference [38] who also constructed higher dimensional generalizations. The following discussion of the cases k = 2 and k = 1 applies to manifolds which are at least of dimension four and two, respectively.
Case k = 2 : We first consider the gravitational sector and comment on the Maxwell sector thereafter.
The Pontryagin density, i.e. the 4-form W
Tr {RR} is closed by virtue of the Bianchi identity DR = 0:
Accordingly, the generalized 4-formŴ ≡ − 1 2 Tr {RR} is annihilated by the gener-
By substituting (2.8) intoŴ and expanding with respect to the ghost-number, we obtainŴ
Here, the ξ-dependence is explicitly given by
where the polynomials W 
Tr {RR}. If one uses the relationφ =φ + i ϕ ω to expressφ in terms of the variableφ which appears in the BRST transformations (2.12), then the polynomials W By virtue of the relation (2.19), the polynomials (2.21) satisfy the descent equations
The polynomials W k 4−k (ξ) represent elements of the so-called equivariant cohomology [26, 29] of topological gravity. By contrast to the case of topological Yang-Mills theories, a ghost associated to gauge transformations, namely the diffeomorphism ghost ξ, appears in the cohomology classes [7] . However, this ghost does not play the same rôle as the ghosts c and u associated to Lorentz and Maxwell gauge transformations (since its action amounts to moving points on the space-time manifold) and its presence is actually necessary [15] .
In four dimensions, another set of observables can be obtained from the Euler class V
Tr {ε abcd R ab R cd } whose integration yields the Euler characteristic. One follows the same procedure, i.e. one expandsV ≡ − 1 2 Tr {ε abcdR abRcd } with respect to the ghost-number as in equation (2.20)
SincedŴ = 0 =dV , we also haved(Ŵ mV n ) = 0 for m, n ∈ {0, 1, . . .}. By expandingŴ mV n with respect to the ghost-number, one obtains further representatives of the cohomology algebra [17] :
An obvious question is whether or not there exist further elements in the gravitational sector of the equivariant cohomology which are related to the curvature form. To address this problem, it is useful to recall the variablesψ ξ andφ ξ introduced in equation (2.15) and to invoke a simple argument put forward in reference [20] . Due to the very definition ofψ ξ andφ ξ , we can read expression (2.20) aŝ .
Thus, for k = 2, the polynomials W ξ } generate the whole cohomology of the Lorentz connection sector. To summarize, the fact that the part of the BRST algebra which involves the Lorentz connection can be cast into a form that is isomorphic to the BRST algebra of topological Yang-Mills theory allows us to invoke the known results concerning the equivariant cohomology of the latter, e.g. see ref. [28] .
Let us now turn to the vielbein part of the gravitational BRST algebra. Quite remarkably, there exists a local expression given by the vielbein and connection fields whose integral only depends on the topology, i.e. on the global properties of the space-time manifold. In four dimensions, this topological invariant related to the torsion is the integral over the Nieh-Yan form [37, 38] , i.e. the 4-form
The latter vanishes if the torsion vanishes (due to the Bianchi identity Re = DT ). Furthermore, this form is closed and locally exact: (TT −êRê) is annihilated by the generalized differentiald = d + S. Thus, we expandẐ with respect to the ghost-number analogously to the expansion ofŴ in equations (2.20) and (2.21). By construction, the polynomials Z k 4−k (ξ) appearing in this expansion satisfy the descent equations (2.23). Explicit expressions can readily be obtained from those ofê,T ,R given in equations (2.5) and (2.8). The results take a concise form when written in terms of the reparametrized ghosts ε ξ ,ψ ξ ,φ ξ , ψ ξ , φ ξ introduced in (2.14) and (2.15):
Last, we consider the Maxwell sector. It represents a topological Yang-Mills theory with Abelian gauge group which entails that the observables are generated by the 4-form F a F a .
By combining all of these results, one concludes that the most general elements of the equivariant cohomology for topological gravity are obtained by considering appropriate products of the expressions constructed in the gravitational and Maxwell sectors.
Case k = 1: This case can be treated along the same lines while starting from the closed 2-form W 0 2 ≡ ε ab R ab : the generalized 2-form
then satisfiesdŴ = 0 (i.e. SŴ = −dŴ ) and involves the polynomials
Fromd(Ŵ ) n = 0 for n = 1, 2, . . . and from the expansion (Ŵ )
, one obtains more general representatives of the equivariant cohomology algebra in two dimensions [10, 12] :
There is no topological invariant related to the torsion in two dimensions [38] . In the Maxwell sector, the basic invariant is given by the 2-form F a .
Second order formalism
We only discuss the gravitational sector since the Maxwell sector is not modified.
If we require the torsion form to vanish, the connection becomes a function of the vielbein (and its inverse) which is now the only independent field in the gravitational sector:
For consistency, one also has to require the S-variation of the torsion to vanish. By virtue of equation (2.13), this implies thatψ is no longer an independent ghost, rather it is a function of the ghost ψ and the vielbein:
Note that relation (2.31), as well as the solution of (2.32) with respect toψ, again rely on the assumption that the vielbein is invertible.
In summary, in the gravitational sector, the basic variable is the vielbein e and we have ghosts ξ, c, ψ as well as ghosts for ghosts ϕ andφ with the nilpotent
(2.33)
Henceforth, the only difference with the first order formalism consists of the fact that ω,ψ and their S-variations 
Superspace approach
After introducing superspace and the geometric objects that it supports, we derive the symmetry algebra of topological gravity from a few simple transformation laws in superspace. As before, we do not need to specify the space-time dimension for the discussion of symmetries.
Supersymmetry and superspace
Rigid supersymmetry is defined by an odd generator Q satisfying the Abelian superalgebra Q 2 = 0. Field theoretic representations are given by doublets and singlets, and they are readily obtained from a superspace construction: we extend the ddimensional space-time manifold by a single Grassmann variable θ so as to obtain a superspace parametrized by local coordinates (x, θ). Then, a superfield is, by definition, a function on superspace,
transforming under an infinitesimal supersymmetry transformation as
which yields the following action of Q on the component fields:
In expression (3.1), the component field f has the same Grassmann grading as F while its superpartner f ′ θ has the opposite one. We assign a "supersymmetry ghostnumber" (SUSY-number or SUSY-charge for short) to all fields and variables: this charge is defined by assigning the value −1 to the variable θ and, quite generally, an upper or lower θ-index on a field corresponds to a charge −1 or +1, respectively. The generator Q raises the SUSY-number by one unit.
A p-superform admits the expansion
where Ω p−k has k θ-indices that we did not spell out. The components Ω q (x, θ) of the p-superform are q-forms whose coefficients are superfields:
In the previous expression and in the following, the wedge product symbol is always omitted. Moreover, we will adhere to the notational conventions considered in the previous expressions: functions or forms on ordinary space-time are denoted by small case letters, superfields (or space-time forms having superfields as coefficients) by upper case letters and super p-forms with p ≥ 1 (i.e. p-forms in superspace with superfields as coefficients) by upper case letters with a "hat".
A supervector field has the formΞ(
The graded Lie bracket of two vector fieldsΞ 1 andΞ 2 is again a vector field whose components are given by
with a plus sign if bothΞ 1 andΞ 2 have odd ghost-number, and a minus sign otherwise.
We now proceed to introduce the standard differential operators in superspace. The exterior derivative is given byd = d + dθ∂ θ with d = dx µ ∂ µ . We have the relations 0 =d
where the bracket [·, ·] denotes the graded commutator. The Lie derivative LΞ with respect to the supervector fieldΞ acts on a superform according to LΞ = [iΞ,d ] (where iΞ denotes the inner product operation) and we have the graded commutation relation [LΞ
A local, infinitesimal supersymmetry transformation is given by a x-dependent translation of the θ-variable, i.e. θ → θ + ε θ (x). Thus, it is a supercoordinate transformation generated by the vector field ε θ (x)∂ θ . The latter acts in superspace by virtue of the Lie derivative, e.g. on a superfield:
The induced variations of the component fields read as
Obviously, the rigid supersymmetry transformations δF = ε QF with ε constant represent a special case.
Fields and symmetries
The basic variables in the gravitational sector of the theory are the connection super 1-formsΩ a b (x, θ) associated to local Lorentz transformations and the vielbein super 1-formÊ a (x, θ). We do not introduce superforms with θ-indices,Ω θ θ (x, θ) or E θ (x, θ). In fact,Ω θ θ = 0 since the action of the Lorentz algebra on scalars is trivial andÊ θ only transforms linearly and solely under supercoordinate transformations, henceforth there is no obstruction for its vanishing. We shall however come back to this point in subsection 3.5. In the Maxwell sector, the basic variable is the connection super 1-formÂ associated to local U(1) transformations.
Within the BRST formalism, the parameters of infinitesimal symmetry transformations are turned into ghost fields (having a ghost-number 1): thus, we have the Lorentz and Maxwell ghosts C a b (x, θ) and U(x, θ) which are superfields and the superdiffeomorphism ghostΞ which is a supervector field. The connectionΩ and ghost C both take their values in the Lorentz algebra, i.e.Ω ab = −Ω ba and C ab = −C ba . For the ghost vector fieldΞ, it is convenient to introduce the notation
in terms of which we can write (LΞ) 2 = LΞ 2 .
BRST transformations in superspace
The Grassmann parity of an object is given by the parity of its total degree which is now defined as the sum p + g + s of its form degree p, ghost-number g and SUSYnumber s. All commutators and brackets are assumed to be graded according to this grading.
We collect all symmetry transformations in the superspace BRST transformations which can be written in the following way, using obvious matrix notation like Ê forÊ a andΩ forΩ a b :
Here,DC ≡dC + [Ω, C] and the given S-operator is nilpotent.
We note [39] that the transformations laws (3.7) may be deduced from horizontality conditions involving the torsion and curvature superformŝ
Indeed, let us introduce the extended superforms E ≡Ê, O ≡Ω + C, A ≡Â + U and the extended differential ∆ ≡d + S − LΞ. The nilpotency requirement for ∆ is equivalent to the transformation law SΞ =Ξ 2 . The extended torsion and curvature superforms
then satisfy the extended Bianchi identities
The BRST transformations (3.7) now result from the horizontality conditions
and substitution of these conditions into the extended Bianchi identities (3.10) directly yields the transformation laws of the torsion and curvature superforms: 
Projection to component fields 3.4.1 General gauge
In order to obtain the space-time BRST transformations, we introduce the superfield components of superforms,
as well as the space-time components of the latter:
Similarly, we define the component fields of the ghost superfields:
(3.14)
In the sequel, we will omit the indices labeling space-time fields in order to simplify the notation and we will use the short-hand notation ξ(x) ≡ ξ µ (x)∂ µ and
From equations (3.7) it follows that the BRST transformations of space-time fields take the following form (where Dc ≡ dc + [ω, c] denotes the Lorentz covariant derivative):
We note that these S-variations describe eight local symmetries, parametrized by the ghosts ξ, ε, c, u and ξ ′ , ε ′ , c ′ , u ′ . The first four ones are the diffeomorphism, local supersymmetry, local Lorentz and local Maxwell transformations whereas the last four ones may be called vector supersymmetry, R-(or Fayet) transformations and supergauge transformations. As we shall see in the next subsection, one may, if one wishes, gauge fix the three local invariances parametrized by ξ ′ , c ′ , u ′ in an algebraic way. In addition, the positive SUSY-numbers can be traded for positive ghost-numbers by rescaling fields with appropriate powers of ε, the consequence being that the parameters ε and ε ′ disappear from the BRST transformations.
Wess-Zumino gauge
Besides the physically relevant fields and symmetries, the superfield formalism generally introduces some additional fields and symmetries which can be eliminated in an algebraic way by imposing supergauge conditions of Wess-Zumino (WZ) type.
In the present case, the WZ gauge is defined by the choices (3.19) and it corresponds to the gauge-fixing of the local invariances parametrized by the ghosts ξ ′ , c ′ and u ′ . In fact, by virtue of equations (3.15), (3.16) and (3.18), the S-invariance of the choices (3.19) requires the conditions
The latter allow us to eliminate the ghosts ξ ′ , c ′ and u ′ ,
where ϕ µ ,φ and τ are defined by By substituting the WZ gauge choices (3.19) and their stability conditions (3.21) into the S-variations (3.15)-(3.18), we find the BRST transformations in the WZ gauge. Since the WZ gauge choices do not affect diffeomorphisms, Lorentz and Maxwell transformations, we will only display the other contributions to the BRST transformations, i.e. the parts parametrized by ε and ε ′ . For any space-time field f with SUSY-number α f , the ε ′ -variation reads as
very much like Fayet's R-transformation in ordinary (i.e. Poincaré) supersymmetric field theory. The local supersymmetry transformations read as
and δ ε ε ′ = −εL ϕ ε. These results coincide in parts with the on-shell expressions obtained in references [22, 20] by twisting the on-shell version of N = 2 euclidean supergravity 5 .
In order to obtain the shift symmetries of topological gravity, one has to absorb the parameter ε(x) of local supersymmetry into the fields, just as one does in topological Yang-Mills theory for the constant parameter ε of rigid supersymmetry, e.g. see reference [28] . More precisely, we absorb all θ-indices of the fields (which have been explicitly displayed in expressions (3.13)) by rescaling these fields with appropriate powers of ε ≡ ε θ . Since ε has SUSY-number −1 and ghost-number 1, this rescaling amounts to assigning positive ghost-numbers to these fields rather than positive SUSY-numbers. Thus, let us redefine the variables according to 25) without modifying the basic fields e, ω, a and the ghosts ξ, c, u. Then, the BRST transformations in the WZ gauge take the form
and
Supersymmetry is now realized as a rigid symmetry, as usual for the shift supersymmetry of topological field theories. Remarkably enough, the transformation laws (3.26)(3.27) coincide with those obtained in equations (2.12), i.e. those of reference [21] . The parameter ε has disappeared from these S-variations, because it has been absorbed into the fields so as to define new fields with vanishing SUSY-number. Consequently, the parameter ε ′ parametrizing the SUSY-number symmetry according to eq.(3.23) does not occur either in these transformation laws. To be more precise, ε and ε ′ only appear in Sε and Sε ′ which variations can simply be omitted since they decouple from the others. θ θ , this condition (together with the invertibility of the vielbein matrix (e a µ ) which is related to the stability of the gauge choice χ = 0) ensures that the supervielbein matrix (3.28) is invertible. Let us stress that this invertibility has only to be imposed in the Wess-Zumino gauge. Degenerate supervielbeins may well appear in a general gauge. This situation is somewhat reminiscent of the fact that the invertibility problem does not manifest itself in 3-dimensional quantum gravity if the latter is expressed as a topological theory of Chern-Simons or of BF type [40, 33] .
It is puzzling that two approaches involving different fields, symmetries and gauge choices lead to space-time results of the same form. To elucidate this point, we consider the S-variations (3.18) which have been obtained in a general gauge, in the case where Maxwell transformations were included at the superspace level:
Thus, the parts of the S-variations in superspace that are parametrized by U ≡ u + θu ′ and Ξ θ ≡ ε + θε ′ yield the same space-time results for Sa, Sη and Sσ up to a factor σ: for every term in u or u ′ , respectively, there is analogous term in ε or ε ′ , multiplied by σ. In the superspace approach based onÂ and U, the gauge choice σ = 0 implies
By contrast, in the approach based onÊ θ and U = 0 (i.e. u = 0 = u ′ ), the gauge choice σ = 1 implies
Observables
Superspace expressions for the observables related to the curvature may be obtained by viewing the theory as a topological gauge theory associated to the Lorentz group and to a U(1) group: the methods developed for topological Yang-Mills theories in reference [28] can then be applied. They also allow us to obtain space-time expressions for the observables in a general gauge (and not just in the WZ gauge).
Remarks on the gauge fixing
The complete Lagrangian for topological gravity can be constructed by gauge fixing the shift symmetry (characterizing a topological invariant) by virtue of a condition which localizes the path integral so as to describe a moduli space of interest, e.g. see ref. [21] . Examples of such gauge choices which can be imposed onto the Lorentz connection are the flatness condition R µν = 0 (which is admissible in any space-time dimension), the half-flatness or self-duality condition R − µν = 0 (in four dimensions) or the condition of constant scalar curvature (in two dimensions) [41, 14, 16] .
On a four-dimensional Riemannian manifold with SU(2) holonomy, one has the following remarkable result concerning self-duality [42, 21] . The curvature two-form ε abcd X cd )) if and only if ω a b (e) is self-dual, i.e. ω − ab (e) = 0. In this respect, we note that the gauge group SO(4) is locally given by SU(2) + ⊗SU(2) − and that the condition R − ab = 0 is SO(4)-invariant, whereas the condition ω − ab (e) = 0 is only SU(2) + -invariant. The self-dual part ω + ab (e) transforms like a connection and the SU(2) holonomy corresponds to a reduction of the SO(4)-frame bundle to a SU(2)-bundle. Accordingly, one expects a restricted action of local orthonormal transformations on fields like the one encountered in reference [22] .
Alternatively, the complete Lagrangian may be obtained by twisting N = 2 euclidean supergravity [20, 22] on a Riemannian four-manifold with SU(2) holonomy. Indeed such a manifold admits two covariantly constant chiral spinors that can be used to perform the twist of the gravitinos and of the parameters of supergravity transformations so as to give rise to shift transformations parametrized by a variable ε(x). (This was recently done in detail using an on-shell formulation [22] ). Our discussion in subsection 3.4.2 shows that the variable ε(x) has to be absorbed in an appropriate way into the fields if one wants to cast the shift transformations into a standard form and to compare with the models constructed by gauge fixing a topological invariant.
The twist of supergravity transformations not only gives rise to local supersymmetry transformations parametrized by the scalar ε(x), but also to a vector and a tensor supersymmetry for which on-shell expressions have been given in reference [22] . By contrast to the global vector supersymmetry transformations encountered in topological Yang-Mills theory [43] , the local vector supersymmetry of topological gravity does not leave invariant the fundamental fields (i.e. the vielbein and graviphoton) and therefore appears to act non-trivially on the topological invariant from which the complete Lagrangian originates by gauge fixing. Thus, this symmetry may be more restrictive for the perturbative renormalization of topological gravity than it is for topological Yang-Mills theory.
Concluding comments
We have shown that the graviphoton field a µ can be implemented in the superspace approach in two different ways, namely using an independent Abelian superconnection as in subsection 3.4 or, maybe more geometrically, using a complete superspace vielbein as in subsection 3.5. Although both implementations involve different local symmetries, they turn out to be equivalent in the sense that they lead to the same space-time BRST algebra, once the supergauge is fixed according to suitable Wess-Zumino type conditions. It is worth mentioning once more that the vielbein matrix does not need to be invertible in superspace, although the formulation in the Wess-Zumino gauge (that corresponds to the various formulations considered in the literature), necessitates an invertible vielbein, i.e. a metric which is nonsingular at every space-time point. Thus, the theory written in superspace in a general supergauge might have further significance than the one defined in the Wess-Zumino gauge.
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A Appendix: Metric approach
We will only discuss the gravitational sector since the Maxwell sector can be treated as in the vielbein formalism.
Notation:
The metric formulation involves tensor fields, e.g. the metric tensor field g = g µν dx µ ⊗ dx ν . Their variation under an infinitesimal change of coordinates generated by the vector field w = w µ ∂ µ is given by the Lie derivative L w as acting on generic tensor fields, e.g.
In particular, the action of L w on a vector field ϕ = ϕ µ ∂ µ is the Lie bracket (2.1):
The metric tensor field can also be viewed as a 0-form with values in the covariant rank-two tensors. Along the same vein, the collection (Γ [w] di w , e.g.
Note that the operator l w and the Lie derivative L w act in the same way on forms which do not carry extra curved space indices µ, ν, . . ., like the forms appearing in the vielbein formalism (which carry extra tangent space indices a, b, . . .). This should be kept in mind when comparing the results below with those presented in the main body of the text.
Fields: As in the second order formalism, we eliminate the Lorentz connection ω in terms of the vielbein e by requiring the torsion to vanish. The metric tensor given by g µν = η ab e a µ e b ν can then be considered as the only independent variable.
Symmetries:
The BRST algebra reduces to the following well known form [6] :
Here, the symmetric tensor field Ψ with components
is to be viewed as a new variable that is usually referred to as gravitino field.
We note that the diffeomorphisms can be completely decoupled by introducing the operatorŠ ≡ S − L ξ which satisfiesŠ 2 = −L ϕ . The variations of g, Ψ and ϕ, as given by (A.3), then read aš
Thus, one has a close analogy with topological Yang-Mills theory whereŠ corresponds to the SUSY-generatorQ that is nilpotent up to an infinitesimal gauge transformation.
From equations (A.3), it follows that the Christoffel symbols describing the LeviCivita connection transform as
Here, l ξ Γ is given by (A.2) and ∇ µ denotes the covariant derivative with respect to the Levi-Civita connection, i.e.
, while the components of the third rank tensorΨ are defined bỹ
Since the variable ∂ σ ξ ρ appearing in equation (A.6) does not define a tensor field, the expression ∇ µ (∂ σ ξ ρ ) only represents a convenient notation. As a matter of fact, the right-hand-side of equation (A.6) can also be written in terms of the Lie derivative acting on tensor fields [32] :
However, just as for expression (A.6), this only represents a convenient notation since the Christoffel symbols do not define a tensor field.
A.1 Horizontality conditions
By using matrix notation, we can derive the BRST algebra (A.3)(A.6) from an horizontality condition. To do so, let us introduce the matrix-valued forms
where R denotes the curvature 2-form associated to the Levi-Civita connection. The connection forms ω and Γ are related by a formal gauge transformation involving the matrix of vielbein fields E ≡ (e a µ ):
Accordingly, the curvature 2-forms R and R associated to ω and Γ, respectively, are related by a similarity transformation:
Let us now consider the generalized fields [44] Γ ≡ e
By construction,R satisfies the generalized Bianchi identity 0 =∇R ≡dR
we also consider the covariant derivative ∇ σ ϕ ρ as well as the combination of covariant derivatives (A.7) which describes the shift of Γ:
The horizontality condition then reads aŝ R = e i ξ (R +Ψ +Φ) (A. 13) and we can proceed as in subsection 2.2.1 to derive the BRST transformations.
(Instead of assuming the fieldsΨ 1 1 andΦ 2 0 appearing in (A.13) to be explicitly given by (A.12), we could also assume them to be undetermined. The consistency of the resulting BRST transformations with the known S-variations of ξ and g and with the expression for the Christoffel symbols in terms of the metric, then implies the relations (A.12).) Thus, we use the operatorial relation (2.9), the definitions (2.10) which are part of the basic algebra (A.3), as well as a change of variables that is analogous to (2.11):
Thereby, the S-variations following from the expansion of (A.13) and of the Bianchi identity∇R = 0 take the form
(A.14)
and 15) where ∇v ≡ dv + [Γ, v]. Due to relation (A.10), the BRST algebra (A.14) of the metric approach has exactly the same form as the BRST algebra (2.34)(2.33) of the vielbein approach (which entails that the BRST variations (A.14) are nilpotent). In fact, when passing from the vielbein formalism to the metric approach, a tangent space index that is acted upon by the Lorentz parameter c ab (with Sc ab =φ ab + . . .) becomes a curved space index that is acted upon by diffeomorphisms in the disguise of the parameter v
We note that the symmetry algebras of the prepotential g, as given by equations (A.3), and of the potential Γ, as given by (A.14), are consistent with each other and that these symmetry algebras have the same structure:
A.2 Comparison with the vielbein approach
Let us compare the variables appearing, respectively, in the metric approach and in the second order formalism. The shift transformations of fields are symbolized by a vertical arrow:
Metric approach Second order formalism Basic fields:
The basic field e a µ of the second order formalism involves a Lorentz index, which implies that a Lorentz ghost and the corresponding ghost for ghost appear as independent variables, in addition to those that are present in the metric approach. In particular, the ghost for ghostφ ab appears in the variation Sψ a µ and thereby in the observables of the vielbein formalism, though it can only appear in those of the metric approach under the disguise of the dependent variableφ ρ σ = ∂ σ ϕ ρ , see next subsection. One expects that the observables in these different approaches are cohomologically equivalent, i.e. that they only differ by S-and d-exact terms, just as the gravitational anomaly in Einstein gravity can manifest itself under different disguises (Lorentz anomaly or diffeomorphism anomaly, as well as Weyl or chirally split anomaly in two dimensions) [32, 45] .
A.3 Observables
In view of the formal gauge transformation (A.10), one would expect that the expressions for the observables in the second order formalism have exactly the same form as those in the metric approach. Yet, this is not quite true as we will see in the following.
Let us denote the observables in the metric approach by M We will see that the appearance of these terms can be drawn back to the shift transformations affecting the metric tensor which raises or lowers covariant indices. Two-dimensional case: One starts from the 2-form M 0 2 = As R where R is the matrix-valued 2-form defined in equations (A.9) and 'As' the antisymmetric part of this matrix:
Here, g denotes the determinant of the metric tensor, ε ρσ the antisymmetric tensor in flat space (which is just a numerical tensor normalized by ε 12 = 1) and R the curvature scalar.
By laboriously solving the descent equations one finds the following expressions [12] , which correspond to the Mumford classes [11] :
Using the two-dimensional identity "0 = ε µν V ρ + cyclic permutations of indices", the term involving a derivative of Ψ µ ρ may also be expressed in terms of the traceless part of the symmetric tensor Ψ:
In reference [16] , the results (A.17) have been obtained by applying the mathematical techniques of equivariant cohomology, thereby justifying earlier calculations and discussions along these lines [7, 15] .
Alternatively, one could try to proceed as in subsection 2.2.2 (see equations (2.28) and (2.29)), i.e. consider the expansion M ≡ AsR = e i ξ As (R +Ψ +Φ) (A.18) = As R + As (Ψ + i ξ R) + As (Φ + i ξΨ + 1 2 i ξ i ξ R) .
The latter expressions have exactly the same form as the polynomials W 
i.e., it is due to the fact that the metric tensor, which raises or lowers indices, is subject to shift transformations. This shows that the purely algebraic passage from ordinary to generalized fields and from the ordinary differential d to the generalized differentiald = d + S is a subtle business for topological models in the metric approach. A proper geometric treatment requires to extend the action of symmetries from the space-time manifold to the infinite-dimensional space of all metrics, whence the use of global differential geometric machinery, see ref. [16] .
In conclusion, we note that the two-dimensional metric tensor (and thus the two-dimensional observables) can equally well be parametrized in terms of Beltrami differentials, see references [11, 16] . For a determination and explicit expression of the other polynomials, we refer to the work [17] .
Finally, we note that the Nieh-Yan 4-form (2.26), which yields the observables related to torsion, takes the form [37] 
